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Abstract
The aim of this paper is to give a characterisation of the determinants and signatures of
integral ideal lattices over a given algebraic number field. This is then used to obtain an
existence criterion for automorphisms of given characteristic polynomial. In particular, we
give a different proof of a result of B. Gross and C. McMullen [in preparation].
 2002 Elsevier Science (USA). All rights reserved.
Introduction
An integral ideal lattice is an integral valued non-degenerate symmetric
bilinear form defined on a fractional ideal of an algebraic number field, satisfying
a certain invariance condition (cf. Section 1). It is natural to try to characterise the
ideal lattices defined on a given algebraic number field; in particular, to ask which
determinants and signatures are possible. An answer to this question is announced
in [2, Theorem 2.4]. The aim of the present paper is to give a proof of this result.
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Integral ideal lattices occur in several applications, for instance to symmetric
bilinear forms with an additional structure, like an automorphism with given
characteristic polynomial. A recent paper of B. Gross and C. McMullen [5] deals
with the characteristic polynomials of automorphisms of even, unimodular lattices
with signature (p, q). In Section 3 of the present paper a different proof of one of
their results [5, Theorem 1.2] is given.
1. Integral ideal lattices
An integral lattice is a pair (L,b), where L is a free Z-module of finite rank,
and b :L × L → Z is a symmetric bilinear form. All lattices are supposed to
be non-degenerate, i.e., to have non-zero determinants. Over the real numbers,
any lattice becomes isomorphic to a diagonal form 〈1, . . . ,1,−1, . . . ,−1〉. Let us
denote by p the number of +1’s and by q the number of −1’s. Then the signature
of this lattice is by definition (p, q).
Let K be an algebraic number field endowed with a non-trivial involution
:K →K . Let F be the fixed field of the involution. We denote by OK the ring
of integers of K , and by OF the ring of integers of F . An integral ideal lattice is
an integral lattice (I, b), where I is a fractional OK -ideal, satisfying the relation
b(λx, y)= b(x, λ¯y)
for all x, y ∈ I and λ ∈ OK . It is easy to see that this is equivalent with the
existence of an α ∈K∗ with α¯ = α such that
b(x, y)= Tr(αxy¯),
for x, y ∈ I , where Tr = TrK/Q :K → Q is the trace map (cf. [3, 1.2]). Such a
lattice will be denoted by (I, bα).
2. Integral ideal lattices of given determinant and signature
Let us keep the notation of Section 1. In particular, K is an algebraic number
field endowed with a non-trivial involution. It would be interesting to characterise
all integral ideal lattices defined over K . The aim of this section is to show
which determinants and signatures arise in this way. We shall see that this mainly
depends on ramification properties of the quadratic extension K/F , where F is
the fixed field of the involution.
Let θ ∈ F ∗ such that K = F(√θ ). We say that a prime OK -ideal ramifies (is
inert) in K/F if it is above a prime OF -ideal that ramifies (is inert) in K/F .
Let DK/Q be the different of the field K . Let P1, . . . ,Pr be the prime OK -
ideals of OK that divide DK/Q with an odd exponent. Let us denote by s the
number of real embeddings of F that extend to imaginary embeddings of K .
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Set n= [F :Q]. Let p, q be two non-negative integers such that p + q = 2n,
and let d be a non-zero integer with d/|d| = (−1)q.
The following result was announced in [2, Theorem 2.4]. Note that the case of
definite lattices was handled in [4, 2.3].
Theorem 1. There exists an integral ideal lattice over K with determinant d and
signature (p, q) if and only if the following conditions are satisfied:
(i) (p, q) (n− s, n− s) and (p, q)≡ (n− s, n− s) (mod 2).
(ii) |d| = N(P1 . . .Pr )N(Q1 . . .Qm)N(J )2,
where Q1, . . . ,Qm are prime OK -ideals inert in K/F , and J is any OK -
ideal.
(iii) If no prime OF -ideal ramifies in K/F , then
4m≡ p− q (mod 8).
Proof. The differentDK/Q can be written as
DK/Q =P1 . . .PrQ′1 . . .Q′t ′J ′J¯ ′,
where Q′1, . . . ,Q′t ′ are prime OK -ideals inert in K/F , and J ′ is an OK -ideal.
Let (I, bα) be an ideal lattice, and let us check that its determinant and
signature satisfy conditions (i)–(iii). We have
αOK =Q′′1 . . .Q′′t ′′J ′′J¯ ′′,
where Q′′1 . . .Q′′t ′′ are prime OK -ideals inert in K/F , and J ′′ is and OK -ideal.
Set {Q1, . . . ,Qm} = {Q′1, . . . ,Q′t ′ }{Q′′1, . . . ,Q′′t ′′ }, where is the symmetric
difference. It is easy to see that det(I, bα) = N(αI I¯DK/Q) (see, for instance,
[2, 2.1]).
We have
αI I¯DK/Q =P1 . . .PrQ1 . . .QmJ J¯ ,
where J is an OK -ideal. This shows that condition (ii) holds.
Let a be the number of embeddings σ :F → R that extend to imaginary
embeddings of K , and that satisfy σ(α) < 0. Let (p, q) be the signature of (I, bα).
Then p−q = 2s−4a (see, for instance, [2, 2.2]). It is easy to see that this implies
condition (i).
For any place v of F , let us denote by ( , )v the Hilbert symbol of Fv .
Suppose that no prime OF -ideal ramifies in K/F . Let v be a place
corresponding to a prime OF -ideal. Then (α, θ)v = −1 if v corresponds to the
prime ideals Q′′1, . . . ,Q′′t ′′ , and (α, θ)v = 1 otherwise.
Let now v be a place corresponding to a real or complex embedding of F .
Then (α, θ)v =−1 if v corresponds to one of the real embeddings σ :F →R that
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extend to imaginary embeddings of K and that satisfy σ(α) < 0, and (α, θ)v = 1
otherwise.
By the product formula, we have
∏
v(α, θ)v = 1. This implies that (−1)a+t
′′=1,
hence a ≡ t ′′ (mod 2).
By definition, we have t ′ ≡ t ′′ +m (mod 2). Recall that s ≡ 2t ′ (mod 4) (cf.
[4, 1.6]). Hence we have s ≡ 2t ′′ + 2m ≡ 2a + 2m (mod 4). This implies that
p− q ≡ 2s − 4a ≡ 4m (mod 8), as claimed.
Conversely, suppose that conditions (i)–(iii) are satisfied, and let us show that
there exists an integral ideal lattice (I, qα) with determinant d and signature
(p, q).
Note first that condition (i) is equivalent with the existence of an integer a
such that 0 a  s, and that p− q = 2s − 4a. Let us choose a real embeddings
σi :F →R, i = 1, . . . , a, that extend to imaginary embeddings of K . This is
possible since a  s. Let {Q1, . . . ,Qm} be the prime OK -ideals of condition (ii).
Set {Q′′1, . . . ,Q′′t ′′ } = {Q′1, . . . ,Q′t ′ }  {Q1, . . . ,Qm}, where  is the symmetric
difference. Let us define a number v =±1 for all the places v of F , as follows.
Set v =−1 if v is a place of F corresponding to the prime ideals {Q′′1, . . . ,Q′′t ′′ }
or to the real embeddings σi :F → R, i = 1, . . . , a. We distinguish two cases.
If no prime OF -ideal ramifies in K/F , then we set v = 1 for all the other
places v. Otherwise, let us choose a prime OF -ideal P that ramifies in K/F .
Set v = (−1)t ′′+a if v corresponds to the prime ideal P , and v = 1 for all the
other places v.
We claim that
∏
v v = 1. Indeed, if there exists at least one prime OF -
ideal that ramifies in K/F , then
∏
v v = (−1)t
′′+a(−1)t ′′+a = 1. Otherwise,
∏
v v = (−1)t
′′+a
. Let us show that t ′′ ≡ a (mod 2). Indeed, as no prime OF -
ideal ramifies in K/F , condition (iii) holds. Hence by (i) and (iii) we have
p− q = 2s − 4a ≡ 4m (mod 8).
Recall that s ≡ 2t ′ (mod 4) (cf. [3, 1.6]) and thatm≡ t ′+ t ′′ (mod 2) by definition.
This implies that t ′′ ≡ a (mod 2), hence ∏v v = 1 in this case too.
By [6, Theorem 71.19] there exists α ∈ F ∗ such that (α, θ)v = v for every
place v of F . We have
αOK =Q′′1 . . .Q′′t ′′J ′′J¯ ′′,
for some OK -ideal J ′′. This implies that there exists an OK -ideal I with
αI I¯DK/Q =P1 . . .PrQ1 . . .QmJ J¯ ,
for some OK -ideal J .
The ideal lattice (I, bα) has signature (p, q) and determinant d , so the theorem
is proved. ✷
A lattice is said to be unimodular if its determinant is ±1.
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Recall that s is the number of real embeddings of F that extend to imaginary
embeddings of K .
Corollary 1. Suppose that no prime OF -ideal ramifies in K/F . Let p,q be two
non-negative integers with p + q = 2n. Then there exists a unimodular ideal
lattice of signature (p, q) if and only if the following conditions hold:
(a) (p, q) (n− s, n− s) and (p, q)≡ (n− s, n− s) (mod 2).
(b) p ≡ q (mod 8).
Proof. Suppose that there exists a unimodular ideal lattice of signature (p, q).
Setting d = 1 in Theorem 1, we see that m= 0. Hence by condition (iii) we have
p ≡ q (mod 8). This implies condition (b). Condition (a) follows immediately
from (i).
Conversely, suppose that conditions (a) and (b) hold. Let d = 1. It is easy to
see that the conditions of Theorem 1 are satisfied, hence there exists a unimodular
ideal lattice with signature (p, q). ✷
An integral lattice (L,b) is said to be even if b(x, y)≡ 0 (mod 2) for all x ∈L.
The following proposition is well-known (see, for instance, [2, 2.12 and
Remark]).
Proposition 1. Suppose that no dyadic prime ideal of OF ramifies in K/F . Then
every integral ideal lattice is even.
Proof. As no dyadic prime ideal of OF ramifies in K/F , the trace map
TrK/F :OK →OF is onto. Hence there exists γ ∈OK such that γ + γ¯ = 1.
Let (I, qα) be an integral ideal lattice. We have
q(x, x)= Tr(αxx¯)= Tr[(γ + γ¯ )(αxx¯)]= Tr(γ αxx¯)+ Tr (γ αxx¯),
which is an even integer. ✷
The above results imply
Corollary 2. Suppose that no prime OF -ideal ramifies in K/F . Let p,q be two
non-negative integers such that p + q = 2n and p ≡ q (mod 8). Suppose that,
moreover, (p, q) (n− s, n− s) and (p, q)≡ (n− s, n− s) (mod 2). Then there
exists an even, unimodular ideal lattice of signature (p, q).
Proof. This follows immediately from Corollary 1 and Proposition 1. ✷
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3. Automorphisms with given characteristic polynomials
Let S ∈ Z[X] be a monic polynomial. It is said to be reciprocal (or
symmetric) if S(X)=Xdeg(S)S(X−1). Following [5], we say that S is unramified
if |S(1)S(−1)| = 1.
We denote by Op,q(R) the orthogonal group of the quadratic form over R of
signature (p, q). It is easy to see that if t ∈ Op,q(R) and p + q is even, then the
characteristic polynomial of t is reciprocal (see, for instance, [5, Theorem 2.1]). It
would be interesting to know which reciprocal polynomials can be characteristic
polynomials of automorphisms t ∈ Op,q(R) that stabilise unimodular and even
lattices. Gross and McMullen [5] give a sufficient criterion in the case of
irreducible and unramified polynomials. In this section, we apply the results of
the preceding section in order to give a different proof of this result.
Theorem 2. Let S ∈ Z[X] be an unramified, irreducible, monic reciprocal
polynomial of degree 2n. Let s′ be the number of roots of S outside the unit
circle. Let p,q be non-negative integers such that p+q = 2n and p ≡ q (mod 8).
Suppose moreover that (p, q) (s′, s′) and (p, q)≡ (s′, s′) (mod 2). Then there
exists an even, unimodular lattice with signature (p, q) having an automorphism
of characteristic polynomial S.
Proof. Set K = Q[X]/(S), and let :K → K be the involution induced by
X → X−1. Let F be the fixed field of this involution. Then [F : Q] = n. Let s
denote the number of real embeddings of F that extend to imaginary embeddings
of K . It is easy to see that s′ = n − s. As S is unramified, no prime OF -ideal
ramifies in K/F (see, for instance, [5, 3.1]). By Corollary 2, there exists an even,
unimodular ideal lattice (I, b) with signature (p, q). Let τ be the image of X
in K . Then τ¯ = τ−1, and by definition b(τx, y) = b(x, τ¯y) = b(x, τ−1y) for
all x, y ∈ I . Hence b(τx, τy)= b(x, y) for all x, y ∈ I , in other words τ is an
automorphism of (I, b). It is clear that the characteristic polynomial of τ is S.
This concludes the proof of the theorem. ✷
It is easy to see that if Z[X]/(S) is the ring of integers of Q[X]/(S), then the
condition of Theorem 2 is necessary and sufficient. This happens for instance
when S is a cyclotomic polynomial. In particular, note that this implies the
following result, proved in [1].
Corollary 3. There exists a definite, even unimodular lattice of rank φ(m) with a
symmetry of order m if and only if φ(m)≡ 0 (mod 8) and m = re or 2re with r
prime.
Proof. This follows immediately from Theorem 2 and the above remark. ✷
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It is well known that even, indefinite, unimodular lattices with signature (p, q)
exist if and only if p ≡ q (mod 8), and that in this case they form a single
isomorphism class (see, for instance, [7]). This can be used to obtain more precise
results. In particular, we recover the following result of Gross and McMullen, see
[5, Theorem 1.2].
Corollary 4. Let S ∈ Z[X] be a monic, irreducible, unramified, reciprocal
polynomial of degree 2n, with 2s′ roots off the unit circle. Let Πp,q be an even,
indefinite, unimodular lattice with signature (p, q) satisfying
p+ q = 2n, (p, q) (s′, s′) and (p, q)≡ (s′, s′) (mod 2).
Then there exists an automorphism Πp,q → Πp,q with characteristic polyno-
mial S.
Proof. This follows from Theorem 2, and from the uniqueness up to isomorphism
of indefinite, unimodular and even lattices of given signature. ✷
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